The present paper deals with the nonlinear dynamics of a Stockbridge damper. The nonlinearity is from damping and the geometric stretching of the messenger. The Stockbridge damper is modeled as two cantilevered beams with tip masses. The equations of motion and boundary conditions are derived using Hamilton's principle. The model is valid for both symmetric and asymmetric Stockbridge dampers. Explicit expressions are presented for the frequency equation, mode shapes, nonlinear frequency, and modulation equations. Experiments are conducted to validate the proposed model.
Introduction
Stockbridge dampers are the most common devices used to control aeolian vibration of overhead power lines. They eliminate or reduce the vibration level of the conductor by absorbing the wind energy. This absorption of the wind energy is only possible when their natural frequencies are tuned to cover the range of the forcing frequency, which is also known as Strouhal frequency. The modern Stockbridge damper has two types of dampers, namely, 2R damper and 4R damper [1] . The former, 2R damper, is a symmetric damper consisting of two identical weights and messengers at both ends. It has two natural modes of vibration. The latter, 4R damper, is an asymmetric damper and is depicted in Fig. 1 . It is made-up of unequal weights and unequal messenger lengths on each side. This type of Stockbridge damper exhibits up to four resonant frequencies.
The damping mechanism of the Stockbridge damper is based on the transfer of vibrations of the conductor through the clamp to the messenger cable. The flexing of the messenger causes slipping between its strands which induces oscillation in the weights at their ends.
Several authors have examined the dynamics of the Stockbridge damper. The common approach is to experimentally determine its impedance curve [2] [3] [4] [5] [6] [7] [8] [9] [10] . Another approach is to model the Stockbridge damper as a two degree-of-freedom system [11, 12] .
An attempt to depart from the conventional way of modeling the Stockbridge damper was reported in Refs. [13] [14] [15] [16] . The messenger cable was modeled as an Euler-Bernoulli beam and the counterweight was modeled as mass with a rotatory inertia. Both studies omitted the geometric nonlinearity of the messenger cable and employed the finite element method.
The current study presents an analytical model that accounts for the nonlinearity of the messenger cable. Numerous authors (see Refs. [17] [18] [19] [20] [21] [22] [23] [24] ) have examined the nonlinear vibration of beams with attached mass or spring mass. However, these investigations are limited to cases with end support. In the present study, the support is in-span and a tip mass is attached at each end. Hamilton's principle is used to derive the system governing equations. Explicit expressions are presented for the frequency modulation equations, mode shapes, and the nonlinear natural frequency.
Experiments are conducted using three different Stockbridge dampers to benchmark the analytical model. Parametric studies are then performed to examine the effect of the damper parameters on the natural frequency and response.
respectively. M 1 and M 2 are the mass of the left and right counterweights, respectively. J 1 and J 2 are the rotational inertia of left and right counterweights, respectively. L 1 and L 2 are the length of the left and right messengers, respectively. The primes and dots represent the derivative with respect to the axial coordinate x and time t, respectively. Using Hamilton's principle and eliminating the axial displacement between Eqs. (1) and (2) yields the following equations of motion:
and the accompanying boundary conditions are given as
Free Vibration Analysis
The introduction of the following dimensionless parameters:
permits Eqs. (3)-(6) to be rewritten nondimensionally as
The nondimensional displacement W j ðf; sÞ is expanded in the modal basis of the messenger Y jm (i.e., the mode shape of a cantilevered beam with tip mass) as
where Y jm ðfÞ is the mth mode shape of the messenger and can be expressed as
where
and the following abbreviations are employed: s j ¼ sin Xn j , c j ¼ cos Xn j , sh j ¼ sin hXn j , and ch j ¼ cos hXn j . The linear natural frequencies are the roots of the following frequency equation:
For the nonlinear problem, Eq. (12) is substituted into Eq. (8) to get
When Eq. (15) is explicitly written for j ¼ 1 and j ¼ 2, the resulting equations are correspondingly multiplied by Y n1 and Y n2 , the first expression is integrated over the range of 0 to n 1 and the second over 0 to n 2 , then adding the two resulting equations as well as applying orthogonality and boundary conditions yields
The right-hand side of Eq. (16) may be rewritten as
It is noted that C mnps has both minor and major symmetries. In order to obtain an approximate solution to Eq. (16), in cognizance of the accompanying boundary and initial conditions, the slenderness ratio r is, as is commonly the case in nonlinear beam vibration literature [18] , identified as the parameter to define the degree of nonlinearity of the equations. Hence, the perturbation parameter, , depends on the slenderness ratio r and can be expressed as ¼ r 2ðkÀ1Þ . If damping and forcing terms (l n and f n ) are added to Eq. (16), then
For the special case of undamped free vibration, l n ¼ 0 and
This equation is solved using the multiple scales method, which is one of numerous available methods to obtain approximate solutions of nonlinear differential equations. The fundamental premise of the method is the uniform expansion of the dependent variable in terms of two or more independent variables which are commonly called scales. These scales are further distinguished as fast time or slow time. The former is the original independent variable, real time, and the latter is a function of the perturbation parameter . References [18] [19] [20] [21] [22] [23] [24] can be consulted for detailed information on the method.
Using the multiple scales method to solve Eq. (19), q n can be expressed in terms of such that
.., n) are called fast and slow time, respectively. The differential operator with respect to the time scale s can be expanded to O
where D 0 ¼ @=@T 0 and D 1 ¼ @=@T 1 . Substituting Eqs. (21) and (20) into Eq. (19) yields
Collecting terms of the same order of yields
The solution of Eq. (23) can be expressed as
where A n is a complex function of slow time, x n is the linear natural frequency, and cc is the complex conjugate of the preceding terms. Substituting Eq. (25) into Eq. (24) yields
To obtain a periodic solution for Eq. (24), the secular terms in Eq. (26) must vanish. The secular term can be expressed as
A n can be expressed in the polar form as
Substituting Eq. (28) into Eq. (27) and separating real terms from imaginary terms yields
x n a n b
and Eq. (30) gives
The integration of Eq. (32) with respect to s 1 and use of the relation s 1 ¼ s 0 yields
The zero-order approximation can now be expressed as
while the nonlinear frequency is
Forced Vibration
Consider primary resonance: X ¼ x 1 þ r where r is a detuning parameter that quantitatively describes the nearest of X to x 1 . If the forcing term is expressed as f n ¼ f 0 e iXt þ cc, then Eq. (18) can be rewritten as
Equation (38) is easily deduced by following the procedure outlined in Sec. 4:
The solvability condition that yields the elimination of the secular term can be expressed as For n ¼ 1
Using Eq. (28) in Eqs. (39) and (40) yields For n ¼ 1
Collecting real terms and imaginary terms in Eq. (41) yields
and repeating the same for Eq. (42) yields
x n a n b 
The detuning parameter is obtained by eliminating c from Eqs. (47) and (48). It is given as
where a 1 and l 1 are the amplitude of the complex function and damping ratio corresponding to the fundamental mode (x 1 ), respectively. The right branch of the frequency-response curve is obtained when the discriminant is added while its subtraction produces the left branch.
6 Experimental Procedure Figure 3 shows a schematic of the experimental setup. The experimental setup and procedure were performed according to IEEE guide [25] . The geometric and material properties of the three tested Stockbridge dampers are tabulated in Table 1 . The Stockbridge damper was mounted on an electrodynamics shaker (B&K 4802). A load cell (Dytran106V1) was installed between the shaker and the fixture to measure the delivered force, and an accelerometer (B&K) was placed at the clamp to measure the acceleration of the damper. The load cell and accelerometer were connected to a dynamic signal analyzer through charge amplifiers. Signal processing and data acquisition functions were via a dynamic signal analyzer (PCI-6034E).
Using the forced response method (see IEEE guide [25] ), the tests were conducted for various excitation frequencies in the range of wind-induced vibration frequencies (sweep). This frequency range was confined to frequencies greater than 10 Hz because of constraints on the shaker. The recorded frequencyresponse curve was then used to determine the natural frequencies. The peaks in the amplitude portion of the frequency-response function give the natural frequencies of the damper. Transactions of the ASME
Numerical Simulations
The numerical simulations are based on the parameters listed in Table 1 . The linear natural frequencies are determined by numerically solving for the roots of the frequency equation (Eq. (14)) using the bisection method in MATLAB, and the nonlinear frequencies are obtained using Eq. (35). The first five natural frequencies for each damper are tabulated in Table 2 . The nonlinear frequencies show better agreement with the experimentally obtained frequencies. This is, however, dependent on the selection of the initial displacement a 0 . It is noted that the symmetric damper exhibits two resonant frequencies and the asymmetric damper exhibits four.
Figures 4-6 depict the first five mode shapes of Dampers 1, 2, and 3, respectively. The left and right segment corresponds to the left-and right-hand side messenger, respectively. The figures show that the first four mode shapes of the damper are similar to the first mode shape of a cantilevered beam except that in this case there are two segments. For the damper fifth mode shape, the right-side segment corresponds to the second mode of a cantilevered beam, while the left-side segment is similar to the first mode shape.
The parameter of Damper 1 is employed in the remainder of the numerical simulations to investigate the effect of the damper mass and rotatory inertia on the resonant frequencies and response of the damper. For a given total mass (M 1 þ M 2 ¼ 5 kg) and total rotatory inertia 0.032 kg/m 2 , the natural frequencies for various ratios of counterweight and rotatory are tabulated in Table 3 . It is observed that the odd modes (i.e., first, third, and fifth) monotonically decrease with increasing ratio. The even modes (second and fourth) do not exhibit this monotony; they decrease to a certain point and then increase. In Fig. 7 , the variation of the fundamental nonlinear frequency with vibration amplitude is examined for various identical ratios of the counterweight mass and rotatory inertia ðM 2 =M 1 ¼ J 2 =J 1 Þ. The nonlinear frequency is observed to increase with increasing ratio of the counterweight mass and rotatory inertia. It is also observed that the nonlinear frequency increases with increasing vibration amplitude.
The frequency-response curves for the forced vibration analyses are based on Eq. (49). Because the nonlinearity is due to In Fig. 9 , the role of the damper coefficient is examined for a constant excitation amplitude (f 0 ¼ 1). The frequency-response curves indicate that both vibration amplitude and the stretching decrease with increasing l 1 . This implies that damping ratio is a key parameter in ascertaining the extent of the geometric nonlinearity. The effect of the ratio of the right to left counterweight mass and rotatory inertia on the frequency-response curve is depicted in Fig. 10 for a given excitation amplitude f 0 ¼ 1 and damping coefficient l 1 ¼ 0.05. It is seen that nonlinearity stretching increases with increasing ratio and that the vibration amplitude is highest for the highest ratio. Transactions of the ASME
Conclusions
A nonlinear model is presented for a Stockbridge damper. The nonlinearity is due to the geometric stretching and damping coefficient of the messenger cable. The Stockbridge damper is modeled as a two cantilevered beams with tip masses. Hamilton's principle is employed to derive the equation of motion and boundary conditions. Explicit expressions are presented for the frequency equation, mode shapes, nonlinear frequency, and modulation equations. Experiments are conducted to measure the damper resonant frequencies and to validate the proposed analytical model. The proposed model is applicable to both asymmetric and symmetric Stockbridge dampers. Numerical simulations show that both the nonlinear frequency and vibration amplitude are significantly affected by the counterweight mass and rotatory inertia. It is also observed that the damping coefficient is an important factor in determining the influence of the geometric stretching of the messenger. Most importantly, the present model can be used by design engineers to predict the dynamics of Stockbridge dampers.
